A uni ed approach to classical and quantum mechanics is presented, based on the use of Jordan-Lie algebras. Examples of such algebras of physical observables are constructed, which describe a particle moving on a certain class of curved spaces. In the spirit of the algebraic theory of superselection sectors, irreducible representations of the quantum algebras are identi ed with possible quantizations of the system in question. An analogous procedure for classical observables leads to a classical analogue of a quantization, called a`classicization'. In either case, the various sectors correspond to the particle having acquired an internal charge, which naturally couples to an induced Yang-Mills eld.
Introduction
Before attempting to quantize the gravitational eld itself, it seems wise to try and understand how a particle moving on a classical and static curved Supported by an S.E.R.C. Advanced Research Fellowship space should be quantized. Apart from the direct physical interest of this problem, one hopes that its simplicity leads to insights into the nature of the quantization procedure, of the classical limit of quantum mechanics, and of the role of gauge invariance and constraints. Moreover, the gravitational eld may itself be regarded as a (constrained) particle, moving on the in nitedimensional space of 3-metrics M (superspace)! Similarly, the con guration space of a Yang-Mills theory is just that of a particle moving on the in nitedimensional space A=G, where A is the space of smooth connections on some bundle over 3-space, and G is the corresponding group of local gauge transformations. Here the physical phase space is a certain subspace of (T A)=G (note that T A is the cotangent bundle of A, the action of G on this bundle just being the pull-back of its action on A), while gravitational degrees of freedom may`almost' be described by a similar quotient (Marsden and Fischer 1979) . Quantization on nite-dimensional curved con guration spaces has been studied since quantum mechanics was discovered (cf. Pauli 1933) . Early on the emphasis was on nding suitably covariant generalizations of the Schr odinger equation and of the canonical commutation relations, with later literature focusing on path-integral approaches (for a review see Dowker (1975) ). Our approach is quite di erent, and may be placed in the context of the algebraic theory of superselection rules. The main emphasis is on nding (and physically interpreting) inequivalent representations of the algebraic relations satis ed by the observable operators of the systems in question, and the mathematical techniques are those of modern operator algebra theory.
The purpose of this paper is to substantially reformulate this approach, in such a way that the physically relevant concepts are highlighted, and to illustrate the abstract ideas with simple examples. These examples will consist of homogeneous con guration spaces, i.e., spaces of the type Q = G=H, where G and H are nite-dimensional Lie groups, which simpli es the mathematics considerably (cf. Landsman (1992c) for the general case) without compromising too much.
The algebraic structure of mechanics
There is a common algebraic structure underlying both classical and quantum mechanics. Let A be a real vector space (whose elements are to be interpreted as the observables of a system, cf. the examples below These axioms de ne a so-called Jordan-Lie algebra (Emch 1984 Another advantage of focusing on the Jordan-Lie structure (as opposed to the associative product structure) of mechanics is that taking the classical limit does not involve replacing a certain mathematical structure (an algebra of operators on a Hilbert space) by a rather di erent one (a Poisson algebra of functions on a manifold), but simply amounts to the constant k in the associator (cf. property 6 above) approaching zero, so that a non-associative Jordan-Lie algebra is deformed into an associative one: the connection with operator and Poisson algebras will be made through representation theory.
3 Some Jordan-Lie algebras of physical observables
The rst class of examples describes the Jordan-Lie algebra of observables of a particle whose degrees of freedom are purely internal (i.e., the particle does not move in space). The construction is given for any Lie group G, but the reader may have G = SU (2) The example G = SU (2) illustrates why this is the correct algebra of observables of spin: the generators J i (i = 1; 2; 3) are in it, so is the total spin P i J 2 i , and the correct commutation relations are satis ed. The second class of examples describes the algebra of observables of a particle moving on a coset space Q = G=H. As we shall see, the natural choice of this algebra automatically incorporates a possible internal degree of freedom of the particle, coupling to a gauge eld. As before, we start by constructing an associative tensor algebra parametrized by~6 = 0. Let C 1 (Q) be the vector space (and algebra) of smooth functions on Q, and form the vector space V = C 1 (Q) G. The tensor algebra T (V ) contains an ideal I generated by the expressions: i) X Y ?Y X ?~ X; Y ], for all X; Y 2 G; ii) X f ? f X ?~Xf, for all X 2 G, f 2 C 1 (Q), andX the vector eld on Q de ned by (Xf)(q) = d=dtf(exp(?tX)q) jt=0 ; iii) f g ? g f; iv) 1=2(f g + g f) ? fg, for all f; g 2 C 1 (Q). We then form the quotient B~= T (V )=I, which may be thought of as all tensor products of generators Irreducible quantum representations of a Jordan-Lie algebra of physical observables may be identi ed with quantizations of the corresponding system. To nd a suitable irreducibility condition for classical representations, we reformulate the above condition in a geometric way. Any Hilbert space H has the structure of a Poisson manifold, which is even symplectic (Abraham and Marsden 1985), implying the usual correspondence between functions and vector elds on such manifolds: the function f de nes a vector eld X f , whose action on a function g is given by X f g = ff; gg. Now interpret a hermitian operator A 2 <(H) as a functionÃ on H, given bỹ A( ) = (A ; )=( ; ). Identifying the tangent space to H at a point with H, the vector eld XÃ at is simply ?iA . Hence the standard irreducibility condition stated above may be reformulated as follows:
A quantum representation ~o f a (non-associative) Jordan-Lie algebra (or operator algebra) A on a Hilbert space H is irreducible i the set of vectorelds fX^ ~(A) jA 2 Ag at each point of H is dense in the tangent space.
Passing to the associative case, we simply take the`classical limit' of the quantum irreducibility condition above, and de ne:
A classical representation 0 of an associative Jordan-Lie algebra A 0 on a Poisson manifold P is called irreducible if the set of vector elds fX 0 (A) jA 2 A 0 g at each point of P is dense in the tangent space. Irreducible classical representations are called classicizations of the system in question.
In the nite-dimensional case this implies that P must actually be symplectic; note that one may well have reducible classical representations on symplectic manifolds (`full realizations' of Poisson algebras (Choquet-Bruhat and DeWitt-Morette 1989) being a case in point). and X f its corresponding Hamiltonian vector eld we have J (X S 0 (f ) ) = X f . It follows that if S 0 is irreducible, then J is an immersion by our de nition of irreducibility. The Proposition now easily follows if one recalls the construction of the symplectic leaves of P; S is locally isomorphic to the leaf through J(m), for any m. 
Representations of algebras of observables

Gauge elds from representation theory
We now pass to the more interesting case of the algebras B~of observables of a particle moving on Q = G=H. We start with the classical algebra B 0 .
Replacing a by the Poisson bracket and s by pointwise multiplication, the Jordan-Lie algebra B 0 is easily seen to be isomorphic to a dense subalgebra of the Poisson algebra C 1 ((T G)=H). Here T G is the cotangent bundle of G with the usual symplectic (hence Poisson) structure, and the action of H G on T G is the pull-back of the action on G by right-multiplication. The Poisson structure on T G is H-invariant and quotients to a degenerate Poisson structure on (T G)=H. Since T G ' G G (in the right-trivialization), it follows that (T G)=H ' Q G , with a Poisson bracket explicitly given in Marsden et al. (1984) , and Landsman (1992b) . Using this factorization one infers that B 0 is isomorphic to the algebra of functions which are smooth on Q and polynomial on G . Hence, interpreting the X 0 s as momenta, one roughly speaking has generalized phase space functions which are arbitrary (but smooth) in q and polynomial in p. Accordingly (by the Stone-Weierstrass theorem), we may apply the Proposition in sect. 5 to nd all the irreducible classical representations of B 0 . The symplectic leaves of (T G)=H were found in Marsden et al. (1984 This situation has been interpreted by Sternberg, Weinstein, and others (cf. Marsden (1992) for refs. and a summary) in the more general case of an H-bundle B over Q (in our case B = G). By investigating the reduced equations of motion on the symplectic leaves P O of the Poisson manifold P = (T B)=H, derived from the (symbol of) a Laplacian of P as the Hamiltonian, it was found that P O is the correct phase space of a particle moving in an external Yang-Mills eld with gauge group H; the equations of motion are just a geometric version of the so-called Wong equations. Accordingly, P itself is a`universal phase space', as it contains the phase spaces describing all possible (classical) charges. In our approach these phase spaces emerge from the`classical' representation theory of a Jordan-Lie algebra of observables, which indicates that gauge elds may be looked upon as constructions emerging in connection with superselection rules.
An illustrative example of the emergence of gauge elds is obtained in the case G = SO(3), H = SO(2) (hence Q = S 2 ). The ususal bi-invariant Laplacian on SO(3) leads to a reduced Hamiltonian on the phase spaces G e = T S 2 (recall that the orbit O is just a real number e), which is the Hamiltonian of a charged particle moving in a Dirac magnetic monopole eld (whose charge, is, of course, arbitrary). A similar example is Q = S 4 = SO(5)=SO(4), whose natural Hamiltonian on the reduced phase spaces is that of a particle moving in a background BPST instanton eld.
Gauge elds emerge from quantum representation theory, too (cf. Landsman and Linden (1991) in a di erent context). The theory of (integrable) quantum representations of the Jordan-Lie algebras of observables B~(~> 0) is equivalent to a problem in the theory of crossed product C -algebras, which can be solved using Mackey's imprimitivity theorem, cf. Landsman (1990) . The outcome is a one-to-one correspondence between integrable irreducible representations of B~and unitary irreducible representations of H (note that by`integrable' we here mean that the representation of the Lie algebra G that necessarily accompanies any representation of B~can be integrated to a unitary representation of the group G). As explained (in a more conventional operator-algebraic framework) in some examples in Landsman (1990) , and in the general case in Landsman (1992a), these representations are naturally realized on Hilbert spaces of sections of certian vector bundles over Q, whose bers are carrier spaces of the particular representation of H that the full representation of B~corresponds to. All these Hilbert spaces may be thought of as subspaces of L 2 (G), which carries a faithful representation of B~. This representation commutes with the right-regular representation of H, a fact that should be compared with the classical observables being (practically) isomorphic to C 1 (T G)=H, which is the algebra of functions on T G which are invariant under the right-action of H on T G. Moreover, any Laplacian on L 2 (G) de nes a reduced Hamiltonian on each of the Hilbert spaces of sections described above, and this is exactly the quantum Hamiltonian of a particle moving on Q in a certain external gauge eld. Again, the parallel with the classical case is cute.
For example, for Q = S 2 , and the Laplacian as in the classical case, one once again nds the Dirac monopole eld emerging, but this time with the Dirac quantization condition identically satis ed (Landsman 1990 ). In general,`topological' quantization conditions in the usual sense follow in our framework as consequences of the`quantized' representation theory of the algebra of observables.
In conclusion, we wish to remark that these results are part of a program in which mathematically appealing, yet physically unobservable objects, such as internal symmetry groups and gauge elds (not to speak of the di eomorphism group in gravity), are reconstructed from the physical observables of the theory. This is essentially the goal of the algebraic theory of superselection sectors, which theory now has been extended to include classical mechanics as well.
